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Intruduction
The complicated variational problems on manifolds often appear in mathematical physics [1, 2, 3] . We usually obtain the differential equations through the variation of the functional of a manifold. The traditional method involves a large number of sophisticated calculations to the components of tensors.
In this paper, we will overcome this difficulty through introducing the exterior differential forms to calculate the the variation of the functional.
For simplicity, we just deal with the variational problems on 2-dimensional surfaces in R 3 using our method. This method is easy to be generalized to the ndimensional manifolds because every n-dimensional manifold can be embedded into R 2n+1 . Indeed, the manifolds in this paper are compact, differentiable and orientable.
This paper is organized as follows: In Sec.2, we briefly retrospect the surface theory expressed by the exterior differential. In Sec.3, we introduce some basic properties of Hodge star * . In Sec. 4, we define the variational theory of the surface and give some useful formulas. In section 5, we briefly describe the Gaussian mapping and its inducing exterior differential operator. In Sec.6, we derive the differential equation from the variation of the functional of surface.
Exterior differential forms for 2D surface
In this section, we briefly retrospect the surface theory expressed by the exterior differential [4] .
At every point of a surface, we can construct an orthogonal frame e 1 , e 2 , e 3 such that e i · e j = δ ij and e 3 is the normal vector.
The tangent vector of the surface is defined as
where d is an exterior differential operator, and ω 1 , ω 2 are 1-differential forms. More-over, we define
where ω ij satisfies ω ij = −ω ji because e i · e j = δ ij .
Noticing that dd = 0 and
and
Eq. (3) and Cartan lemma imply that
Therefore, we have
The area element :
The 1st fundamental form :
The 2nd fundamental form :
The 3rd fundamental form :
The mean curvature :
The Gaussian curvature :
3 Hodge star *
Here we briefly introduce the properties of Hodge star * [5] .
If h, f are smooth functions defined on 2D smooth surface M, then the following formulas are valid:
We can easily prove that
through Stokes's theorem and integral by part. If M is compact, ∂M = 0, then
Variational theory of surface
Define the variation of surface as
where the variation along e 1 and e 2 is unnecessary because they will give the identity.
Furthermore, define
The operator d and δ is independent, thus dδ = δd. dδr = δdr implies
and dδe i = δde i implies
It is necessary to point out that the properties of the δ operator are exactly similar with those of the ordinary differential.
Gaussian mapping and its inducing exterior differential operator
The Gaussian mappingg : M → S 2 is defined byg(r) = e 3 (r) which induces a linear mappingg * from 1-form space into itself such thatg
Thus we can define a new exterior differential operatord =g * d. Obviously,df = Proof: Using integral by part and Stokes's theorem, we arrive at
because M is a compact manifold. It is not hard to prove df ∧ * dh = dh ∧ * df .
Using integral by part and Stokes's theorem again, we obtain Lemma 1. ¶ Because d * df is 2-form, we define d * df =∇ 2 f ω 1 ∧ ω 2 .
Variation of a functional
Consider the functional
where r denotes the point of the surface.
)}, where L{E} denote the linear part of E. Thus we have
Proof: δ defines a mapping from M to M ′ whose Jacobi is denoted by J. Thus
δK and δdA = (J − 1)dA. The above equation are reduced to
Considering Eqs. (5), (10), (19) and (20), we can easily reach Lemma 2. ¶
Proof: δ(2H)dA = δaω 1 ∧ ω 2 + δcω 1 ∧ ω 2 . Let δ operate on Eq. (5):
If considering the Eqs. 
Proof: Using Theorem 1, we have
Considering Eq.(16) and Lemma 1-4, we reduce the above equation to 
Conclusion
In above discussion, we deal with the variational problem on 2-dimensional surface in R 3 through introducing the exterior differential forms. This method can avoid the complicated calculations to tensors in the process of traditional method. Our method should be easily generalized to the higher dimensional manifolds because every n-dimensional manifold can be embedded into R 2n+1 . Otherwise, our method can be generalized to solve the variational problems on the noncompact manifolds [7] .
